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Integration e-book is to-help students in the
second semester at Polytechnics'to understand
more about this topic contained in the
Engineering Mathematics 2 course. This e-book
has an example of questions related to Indefinite
integrals, Definite integrals, Integral of
Trigonometric Function, Integral of Reciprocal
Function, Integral of Exponent Function,
Integration by Parts, Integration of Partial
Fraction, and the Technique of Integration along

with its easy-to-understand solutions. Exercise

guestions are also provided in this e-book to

strengthen students’ understanding and skills in
achieving the Course Learning Outcome (CLO)

set by the Polytechnics.
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DEFINITE INTEGRALS

Integral Of Expressions Of The
Form ax™

n L ax
[ax™dx = e

are constant, nis an integer and
n+ —1

n+1
+c ,*aandc

v

Example :
1) [8dx=8x+c

7X2+1

2 3. _
2) [ 7x dx = 7

zx—2+1

(-2+1)




Exercise :

Find the integral of each of the
following

a)[ 3x dx

2
(ans :3% + ¢)

(ans :;—31+ C)

-5
(ans o2 + ¢)




Integral Of Algebreic Expressions

[1f@ £ g0l dx = [ F@ydx s [ g ax

Example :
1)[(7x* + x)dx = [ 7x?dx + [ x dx

7x3 x2
=——+=+c
3 2

2) [(x+ D(x—2)dx
=f(x2—x—2)dx

= [x%dx— [xdx—[2dx

3 2
X X
=——-———-2x+cC
3 2 +

3) [(4— )dx
= [4dx — [ 2x3dx




Exercise :

Find the integral of each of the following
1)[(9x% + 3x + 5) dx

(ans:3x3+¥+5x+c)
2)[(x* —1)(x+ 3) dx

4 2
(ans:xz+ X3—%—3X+C)

-1 1 8
(ans.7+x—2+ﬁc)




Integral Of Expressions of the form
lu(x) + 1"

alu(x) + 1]**1
(n+1)-u'(x)

+c;{n+ -1}

fa[u(x) + 1]"dx =

Example :
2 . (2x+3)3
1)[(2x + 3)% dx = .2

_ (2x+3)3
6

+c

+ C

. 4 . (3x—4)5
2)[(Bx — ) *dx = 56 T
_ (3x—4)5

C
15 t

2 _
3)f(2x_5)4 dx = [ 2(2x — 5) *dx

_ 2(2x-5)73
(-3
_ (2x-5)73

+C




Exercise :

Find the integral of each of the following

1)[ 3(3x + 2)%dx

2)[ 2(5x — 4)3dx

4
3)f(2x_5)2 dx




Integration through substitution
method

Example :

Find the integral of each of the
following

2du

1)[(3x + 4)* dx =ju —

u=(3x+4) 1

du du

= =3 2= = dx- _ 2

dx 3' 3 dx = —f u du

3

W

Wl P W =
o {W! =




2)[(5x — 3)* dx
du

— Gy —3 — —
u X dx

[(5x —3)*dx




—2

3)f (3x+4)3 dx
—Gxtd) g%y
wELATH T3 T

dx =[—-2@x+4)3dx

= f 2u‘3.du

f (3x+4)3

3




Exercise :

Integrate each of the following using
substitution method

1)[ 4(5x + 3)3dx

2)[(8x — 7)%dx




DEFINITE INTEGRALS

[ f(x)dx = F(b) - F(a)

Example :
Evaluate each of the following

2
1) flz 5x dx = [% )

=[5 -F5
=10-2.5=7.5

3

2) f03(2x2 +3)dx = [% + 3x]0

=[2(Z’)3 + 3(3)] . [2(2)3 + 3(0)]

=27— 0= 27




Exercise :

Integrate each of the following function
a)f_22(3x + 2) dx

(ans : 8)

b)f, (% - 5) dx

(ans :-16.67)

2
0)f, (5~ +4x + 3) dx

(ans :12.5)




Properties of definite integral

[ffGydx =0, [ fGx)dx =~ [ f(x)dx,
2 F0dx = [£f(x) dx+ [ F(x) dx

Example :
Given flzf(x) dx = 3. Evaluate,

1) [[ =3f(x)dx = =3 [ f(x)dx = —3(3)
= -9

2) [[[4+ ()] dx = [ 4 dx + [ f(x) dx
= [4x]% +3
[((4x2)—(4x1)]+3
[8—4]+3=7




3) lef(x)dx = — flzf(x)dx = —3




Exercise :

Given fogf(x) dx = 3. Evaluate,

a)[” 4f (x) dx

b)f, 2 (x) dx




INTEGRALS OF TRIGONOMETRIC
FUNCTION

Basic integral formula for
trigonometry functions

f asinu(x)dx = — . czls(;t)(x) +c

a sin u(x)

facos u(x)dx = (0 +c

f a sec’? u(x) dx = . tazlu(x) + ¢
u (x)




Example :
Integrate each of the following,

1) [2sinxdx = —2cosx+c

6 sin 2x

2) [6cos2xdx =——+c
=3sin2x+c

3tan(2x+3)
(2)

3) [ 3sec?(2x + 3)dx = +c

= %tan(Zx +3)+c




Exercise :

Find the integral of each of the following,

1) [ 3sin2x dx

(ans : _73cos 2x + ¢)

2) f%cos 3x dx

(ans :isin 3x + ¢)

3) [ sec?*(3 —x)dx

(ans:—tan(3 — x) + ¢)

4) [(2sin3x + 3cos 4x)dx

(ans :_?2 cos 3x + %sin 4x + c)




INTEGRALS OF RECIPROCAL
FUNCTION

f a _alnfu(x)]

ool T T Y

Example :
Find the following integrals

1)[2dx =3 [—dx =3 In|x| +c

2)f%dx=§fidx=§ln|x|+c

3)f;—zdx=%3f%dx=_73ln|x|+c




= %In|3x + 2|+ ¢

3x2 du

u 3x2

1
—f;du

= In|lu| + ¢

=In|x3+2|+c




Exercise :

Find the integral of each the following

a) [ —— dx

4—-9Ox

(ans :%In(4 —9x) + ¢)

b)f —10

(ans :—T10 In(3x+7)+c)

(ans: In(x* + 2) + ¢)




INTEGRALS OF EXPONENTIAL
'FUNCTION

eu(x)
fe”(x) dx = ——+c
u(x)

Example :
Integrate each of the following

1)[ 2e*dx _U_I_ c=2e* +c

3x
2) [ 9e*dx = 9(83) =3e3* + ¢

0, —2X _ —3e7%% _ 3 _2x ,.
3) [ —3e™%*dx = o te=ge e

4x

£ € _ 1 4x
4)f(2)dx— 2><4)+c—se +c




Exercise :

Find the integral of each of the following,

1) [ 2e3* 2dx

2 o
(ans :§e3x 2 +¢)

2) [(e3*+5x)dx

1 5
(ans :=e3* +=x2 + ¢
3 2

3)]‘82x(82x _ eBX)dx

l 4x_l 5x
(ans.4e - € + ¢)

-3 1
—-e* +¢)




INTEGRATION BY PARTS

Method 1 : Formula

fudv=uv—fvdu

*note, priority for choosing u is as
follow : lnx, x™, e**

Method 2 : Tabular Method

The first function is choosen as the
}‘_lection which comes first in word
PET

L = Logarithmic function

| = Inverse function

P = Polynomial function

E = Exponential function

T = Trigonometric function




Example :
1)f 2xInx dx

Method 1 :

u=Inx Jdv=jxdx

== du——dx

du
fudv—uv — | vdu

2xInx dx =Inx (x?) — j(xz)(—) dx

= xz.lnx—jxdx
2

X
= lenx—7+c

Example :
1) 2xInx dx

Method 2 :

differentiate integrate

j 2xInx dx =Inx (x?) — f(xz)(i) dx

=x2.1nx—fxdx

2
X
= lenx—;+c




Example :

2)[ x3e*dx
Method 1 :

u=x3 Jdv=fexdx

du
—= 3x?,du = 3x?%dx v=e

fudv=uv —Jvdu

.[x3exdx = x3(e*) — f(ex)szdx

X

x3(e*) — [3x%(e*) — [(e¥)6x dx]

x3(e*) — 3x2(e*) + [6x(e*) — [(e¥)6 dx]

x3(e*) — 3x?%(e*) + 6x(e*) — (e¥)6 + ¢
=e*[x3—3x2+6x—6]+cC

Example:
2)[ x3e*dx

Method 2 :

sign differentiate integrate

+ x3

- 3x?2

+ 6x
- 6
+ 0

jx3exdx = x3(e*) — 3x2(e*) + 6x(e¥) — 6(e¥) + f(O)(ex) dx

= x3(e*) — 3x2%(e*) + 6x(e*) — 6(e*) + 0 +c

= e*[x3—-3x% + 6x — 6] +c




Example :
3)[ e**cosx dx

Method 1 :
u=e* fdv=fcosxdx

= 2e?* du = 2e**dx v = sinx

fudv=uv—fvdu

fezxcosx dx = e**sinx — ] sinx(2e?*) dx

= e**sinx —2 [ sinx(e?*) dx
= e**sinx —2[e**(—cosx) — [(—cosx)(2e**)]dx

= e?*sinx + 2e**(cosx) — 4[[ cosx(e**)dx]

j Same as the question

Let | = [e**cosx dx

I = e**[sinx + 2(cosx)] — 4l + ¢

I + 41 = e**[sinx + 2(cosx)] +c

51 = e**[sinx + 2(cosx)] + ¢
e?*(sinx + 2cosx) + ¢

5

e?*(sinx + 2cosx) + ¢
5

f e2Xcosx dx =




Example :
3)[ e**cosx dx
Method 2 :

sign differentiate integrate
+ e?X COSX
- 2e%X \sinx
+ 4e%% —\l» —Ccosx

j e?*cosx dx

= e**sinx — 2e?*(—cosx) + f(4ezx)(—cosx) dx

2 Same as the question

= e?Xsinx + 2e?*cosx — 4j e**cosx dx

Let [ = [ e**cosx dx

I = e**sinx + 2e**cosx — 4l + ¢

I + 41 = e*[sinx + 2(cosx)] + ¢

51 = e?*(sinx + 2cosx) + ¢
e?*(sinx + 2cosx) + ¢

5

e?*(sinx + 2cosx) + ¢
5

f e?*cosx dx =




Exercise :

Solve the problem below

a) [ x“In2x dx

3 3
(ans :x? In (2x) — % + ¢)

b) [ x*e**dx

4x
(ans:e—[x2—£+1]+c)
4 2 ' 4

c) [ x%sin2x dx

2
(ans :%.cos 2X +§.sin2x +%.c052x + ¢)




INTEGRATION OF PARTIAL
FRACTION

Denominator Expression Form of Partial
Containing Fraction

Proper fraction fx) A B
with linear factor (ax+b)(cx+d) (ax+b) (cx+d)

Proper fraction f(®) A B €
with repeated (ax+b)(cx+d)2 | (ax+b) (cx+d) (cx+d)>?

linear factor

Proper fraction A Bx+C |
with quadratic f(x) (ax+b) (cx?+dx+e)
factor (ax+b)(cx%+dx+e)

(which cannot be
factored)




Example :
1) Integratef( . 4)d

Factor and decompose into partial fractions, getting
3x+4 A B
=/ dx = [+ —5)dx

(x=2)(x+2) +2

After getting a common denominator, adding fractions,
and equating numerators, it follows that
Alx+2)+B(x—-2)=3x+4

letx =2,A2+2)+B(2—-2)=3(2)+4
A(4)+B(0)=6+14

A(4) =10

letx = —2,A(=2 +2) + B(=2 —2) = 3(=2) + 4
A(0) + B(—4) = -6 + 4

5 1
2(x-2) 2(x+2))

“In|x — 2| +3Inx + 2| + c

dx




2x+1

2) Integrate fm X

Factor and decompose into partial fractions, getting

P+ Hdx

f 2x+1

GrD@—22 X~ J (G T oo (x—2)?

After getting a common denominator, adding fractions, and equating
numerators, it follows that

Ax—=2)’+B(x+1D(x—-2)+C(x+1) =2x+1

let(x+1)=0,x=-1,
A(F1-2)2+B(-1+1)(-1-2)+C(-1+1) =2(-1) +1
A(9) +B(0) +C(0) = -2 +1

A(9) = -1

A_—1
9

let (x —2) =0,x = 2,
AR2-2)+BQR+1D2-2)+Cc2+1)=212)+1
A(0)+B(0)+C(B)=4+1
C(3)=5
- 5

R
Compare the coefficients of x? on the both sides
Ax —2)*4+B(x+1D)(x—-2)+C(x+1) =2x+1
Ax?* —4x+4)+B(x?*—x—-2)+C(x+1) =2x+1
Hence,
A+B=0
Sulbsitute the value of A to get the value of B
—+B=0
9 +
B=-

9

_ B C
"J((x+1)+( R RRCE)

1 5
f(g(x +1) 9(x 2) 3(x — Z)Z)dx* 2)2 ,using the integral of

expre55|ons of the form

-1 5
=—1 1| +=Injx—2| - ———
5 n|x + |+9n|x | 3(x—2)+c

5)dx




3) Integratef(2 o )dx

Factor and decompose into partial fractions, getting

1 1 Bx+C
f(2x3+2x) dx = fo(x2+1) f(_ 2+1)

After getting a common denominator, adding fractions, and equating
numerators, it follows that

A(x?+1) + (Bx+0)(2x) =1

A(x?+1) + B(2x®)+Cc(2x) =1

Letx = 0,

A((0)2+1) + B(2(0)>) +C(2(0) =1

Letx = —1,

(D((~D2H1) +B2(-1)?) + C2(-1) = 1
(2)+BR2)+C(-2) =1

Compare the coefficients of x? on the both sides
A(x?+1) + B(2x*)+Cc(2x) =1

Hence,
A+2B=0

Subsitute the value of A to get the value of B
1+2B=0
B=—=
2
Subsiltute the value of B to get the value of C on the Eqn (1)
2(—=)—2C=-1
(-3

C=0

A 4 Bx +C
(x2+1)

1
(— E)X +0

)dx

)dx

X

TS e

1
= —ln|2x| - Zln|x2 +1|+¢




Exercise :

Evaluate the following integrals

3x—17
a) f (3x—4)(4x-1) dx

(ans :—3In|3x — 4| + 5In|4x — 1| + ¢)

b) f 6x+1

4x%2+4x-3

(ans :2In|2x + 3| + In|2x — 1| + ¢)




THE TECHNIQUE OF

- y-axis
Ama—f ydx Area = f xdy

Volume = f my? dx Volume = f nx? dy




Example :
1) Find the area for the x-axis

y

A= flzxz dx = [?]i

8§ 1_ 7 .
== — = = —units*
3 3 3

2) Find the area for the y-axis

A

x=y%+2

0
3 3
A= [l ?+2) dx = [~ +2y3

=15 — 0 = 15 units?




3) Find the area for the x-axis
y

4
A= | (4x—x2)dx—[———

[2 (4)? — ] [2 (0)2 — ——

——O——unl
3




4) Given an equation, y = x% + 6. Find the area
under the graph bounded by the curve, y-axis. The
liney =12 andy = 16.

Solution :
Area bounded y = 12 and y = 16.
x = (y—6)!/2

16
Sy — €)Y dy = [(y 6)3/2]

2 12

= 2[(16 — 6)3/2—(12 — 6)*/?]
= 2[(10)*/2—(6)*/?]

= §(16.926)

= 11.284




5) Find the volume of the solid generated by revolving the
region between the x-axis and the parabola for the x-axis
y = 4x — x? through a complete revolution about the x-axis.

Solution :
Find the x-intercepts of y = 4x — x
Wheny=0; 0=4x—x%x=00rx=4%

V= nf04(4x — x%)%dx

2

4
= j 16x% — 8x3+x%) dx
o

L] e [ g 4

I 16(4)3_ 4 @ _ 16(4)3_ 4 @ 4
(555 -2t + ) - -2t + 50|

(22 - 200+ ) - (422 20+ )

= |2 - 512422

512 2
= — 1T unit
15




Exercise :

1) Find the area of the region bounded by the
parabola y = 2x? — 13x, the x-axis and the
lines x = 0 and x =5.

(ans :79.17unit?)
2) Find the area of the region bounded by the
parabola x = —(y — 4)?, the y-axis and the
linesy = 0andy = 4.

(ans :—64unit?)




3) Figure shows a region which is enclosed by
the graphofy = x + 1andy = (x — 1)%.
Compute the volume of solid revolution
formed when the shaded region is rotated
360%about x-axis.

44 .
(ans:—m unit?)




4) Calculate the generated volume between
the curve y = 5x — x?,x-axisx = 3 and x =
5 on figure below.

496 . b
(ans T unit
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